Physical conditions, which must be introduced in translating covariant derivatives· in classical field theory into quantum-theoretical ones, are discussed. It is also shown that the present approach gives a simple foundation to use the Lagrangian or energy-momentum tensor density operator of the Podolsky form for irreducible systems of non-linear fields. § I. Introduction Few years ago a method to quantize non-linear fields, for which covariant derivatives can be defined, was proposed by the present author through its application to a self-conjugate preferred field. 1 > Once quantum-theoretical covariant derivatives have been determined, a quantum field theory of the non-linear system can be completely settled starting from an energy-momentum tensor density operator. The quantum-theoretical covariant derivatives, however, cannot be fixed only through mathematical requirements, although in the classical field theory the definition of covariant derivatives is a purely mathematical problem. That is, the order of field operators, which appear in covariant derivatives, depends on the physical situation, the structure of the energy-momentum tensor density operator. Such a property of quantum-theoretical covariant derivatives was correctly taken into account in the application of our method to a system of a conjugate pair of preferred fields interacting with a spinor field, 2 > but the indirect proof of the covariance of the quantum-theoretical covariant derivative which is given in article A is not enough, as will be explained in § 3.
§ I. Introduction
Few years ago a method to quantize non-linear fields, for which covariant derivatives can be defined, was proposed by the present author through its application to a self-conjugate preferred field. 1 > Once quantum-theoretical covariant derivatives have been determined, a quantum field theory of the non-linear system can be completely settled starting from an energy-momentum tensor density operator. The quantum-theoretical covariant derivatives, however, cannot be fixed only through mathematical requirements, although in the classical field theory the definition of covariant derivatives is a purely mathematical problem. That is, the order of field operators, which appear in covariant derivatives, depends on the physical situation, the structure of the energy-momentum tensor density operator. Such a property of quantum-theoretical covariant derivatives was correctly taken into account in the application of our method to a system of a conjugate pair of preferred fields interacting with a spinor field, 2 > but the indirect proof of the covariance of the quantum-theoretical covariant derivative which is given in article A is not enough, as will be explained in § 3.
The purpose of the present note is to discuss the properties of quantumtheoretical covariant derivatives from a general point of view. In studying Lagrangian formalism for irreducible non-linear systems, Kimura 3 > took a special form of the kinetic energy part which was proposed by Podolsky'> for reducible cases, and gave a reason why we should use the form. Here the term "reducible case" is used to specialize such non-linear systems that can be reduced to linear systems when they are described by suitable coordinate systems, and other cases are called "irreducible". Another argument about the Podolsky form for irreducible cases can be found in an article by De Witt 5 > on the quantum theory of gravitation field. It will be shown at the end of § 2 that our result gives us a simpler foundation to the Podolsky form in irreducible cases. § 2. Covariant derivatives in quantum field theory
In order to discuss how covariant derivatives depend on the structure of energy-momentum tensor density operators in quantum field theory, we take the non-linear realization of a group G on it~ sub-group H, where a self-conjugate preferred field is enough to realize the whole group G, as the simplest example. A further simplification is that any product of two generating operators in the linear representations of the sub-group H can be expressed as a linear combination of the complete set of the original linear operators. The notation in article A will be used with a slight modification to make it easy to compare the results with those obtained in article B.
2a. Covariant derivatives in classical field theory
To begin with, the results in the classical field theory, 6 > which are necessary in the following discussion, are summarized. The transformation laws of the preferred field 'lJ.,. and a general field ~i are (1·a) and
respectively. The covariant derivatives (Dk'l] 
2b. Additional conditions on covariant derivatives in quantum field theory
First we must introduce a physical requirement that even in the quantum field theory covariant derivatives should obey the rule (1· b) where the order of operators is fixed as it stands i.e.,
and
This means that bi-linear forms such as (D~c1J) t (D11J), (D~c~) t (D1~) and ~t (D~c~) are invariant under the transformations of the whole group G. For instance, the energy-momentum tensor density operator of the preferred field (6) 1s invariant under the internal symmetry group.*l In classical theory, the forms of covariant derivatives (2 ·a) and (2 ·b) were obtained through the assumptions (7) where (&<n1J) >-indicates the infinitesimal variation of 1j).. in the (-direction of the group parameter space gtg<n).., for example. These relations can be maintained even in the quantum field theory. Because the space-time derivative 81cSJ of any operator SJ is expressed as 8~c!J= -i[P~c, SJ] in terms of the displacement operator in Minkowski space P~c=f dxT 0~c , which is invariant under the internal symmetry group G, and because the covariance of all equal-time commutation relations can be proved.
Applying Eq. (7), we shall use the relation 
8/cq =8k1j)...(8q/81j)..)
through the properties (4), (7) and (8) without any knowledge of the commutation relation (9) . It is easy to achieve the differential equation for R.,.
by comparing Eq. (12) with Eq. (5 ·a) . This equation can be solved in the form
with
R=czv/ (p(f -zQv)) =cz:Jrtjp,
where z is equal to the eigenvalue of the Casimir operator (cJ<al) 2 divided by c = (tJ •• -1). Here it may be noticed that Eq. (13) gives another relation 
which is expected from the definition of R>. and can also be proved directly from Eq. (13). In the present example Eq. (17) is automatically satisfied by our solution, since R* =R. However, in general, the relation corresponding to Eq. (17) gives rise to a restriction on some relevant H-invariant functions, as will be seen in the example discussed in article B.
2d. Quantum-theoretical covariant derivative of general field
The covariant derivative (10) has the same transformation law as general fields. We have, however, already studied in article A that the quantum-theoretical covariant D'Alembertian has a very complicated form, and that the easiest way to find it is to manipulate the wave equation i80 (D0r;)>. = [P0, (D0r;) >.].
In this sub-section we shall consider a general field which commutes with the preferred field
and seek the condition under which the quantum-theoretical covariant derivative of the field ~ can be given by (19) with (20) This is the simplest symmetrized form of the classical expression (2· b). Without the restriction (18), the condition that our expression (19) is transformed according to the rule (5 ·b) can be reduced to
through the relations (7), (12) 
This result finally turns out to be (24) in the study of the quantum-mechanical variation principle for the irreducible non-linear system. 7 > Here g is the determinant of gkm which is a function of the coordinate operator qm, q_n is the time-derivative of qn and gkmg 1 m =(Jk 1 . The correspondence between the operators in Eq. (24) and ours, l~akr;", g 1m~d 2 1." and g 1 m~r 2 1."' suggests us our result (10) can be expressed in the form (25) with (26) The right-hand side of Eq. (25) can be manipulated to give
To confirm the conjecture expressed in Eq. (25), it is enough for us to make notice the identities (28· a) and
It was already proved that·..[= (Dkr;) t (Dkr;) is invariant not only under the internal symmetry group but also under the homogeneous Lorentz group although (Dkr;)" is not a Lorentz vector in the quantum field theory. 8 > § 3.
Concluding remarks
In the preceding section the dependence of quantum-theoretical covariant derivatives on the structure of the energy-momentum tensor density operator is discussed through the simplest example. It is easy, however, to generalize the arguments in the sub-section 2b about the additional conditions on covariant derivatives in quantum field theory. It may be noticed here that Kimura's method to justify the use of the Podolsky form (24) is not general enough as discussed by himself. The point in our method to translate classical field theory into quantum one is the order of operators in the transformation laws (5) . In linear field theories the usual rule is to symmetrize the product of two non-commutable operators. In this sense the order of operators in Eq. (12) 
d(S-R)L] +t(S-R)t(S-R)
(30· b) and because any function of 'fJ is not invariant.
In article A we started from the form (d8k'f/) x for the covariant derivative, and its covariance was proved indirectly. The difference between the present form (10) and the earlier one (dak'fj) x is, however, an anti-hermitian function of 'fj, and so it does not play any role in the indirect proof in § 4 of article A.
The direct proof of the covariance of our expression (10) , in which the transformation laws are described in terms of the space-integral of the 0-th component of currents, can be done in the same way as in article B. Fortunately all arguments in article A are built up by utilizing the covariance character of (Dk'f/) ~. and it is enough to understand that (Dk'f/) x in article A should be given by the present form (10) .*l It should be noticed here that a function of 'fj, K in Eq.
(30 ·b), must be added to the effective Hamiltonian in the interaction representation.8l
In terms of quantum-theoretical covariant derivatives we can settle axwms to fix both Lagrangian and energy-momentum tensor density operator. In the problem, however, it is very difficult to construct such a compact scheme as Schwinger's quantum-theoretical variation method for linear :field theory, 9 l although many people have been trying to get Lagrangian formalism 7 l or path-integral method 10 l which can be applied to the quantum :field theory of non-linear :fields.
Finally, it may be emphasized that 8kTk 0 =0 but akTk"' =ta._ { (D0r;)t (D0r;) -(D<•lor;Y (D<•>or;)} =1=0, and that all :field operators should vanish far in the space-like direction in order for us to get a consistent scheme, as was proved in article A. However, this is not the trouble, as physically meaningful generating operators for displacement Pk and homogeneous Lorentz group Jkz are transformed correctly under Lorentz transformations. On the contrary, this is a rather natural outcome from the fact that our (Dkr;) and Tkz are not transformed as a vector and a tensor in our quantum theory, respectively. 8 l
